/*  Lecture 12: Free electrons \
* Quantum mechanics

 Free electrons in a box

* Fermi gas

* Fermi-Dirac distribution function
* Covers Verdeyen ch. 11

 Please ask questions!

Free electron theory of solids

» Each atom in the solid “gives up” one electron

» Each electron is free to move where-ever it
wants, with no scattering

» Completely the opposite of atom lasers, where
each electron is bound to each atom

» Amazingly, this simple idea makes predictions
that are true!

* Not for semiconductors, but metals
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» Still need to understand this for semiconductors
ECE 278 © P.J. Burke, Winter 2002 H Last modified 2/17/2002 11:19 PM ! 1 Lecture 12, Slide # 2 J
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Electrons are waves, too.

/ Quantum mechanics of free O\

particles:

is probability of finding an electron at point r at time t.

¥ (7, 1)

¥ is complex, and both real and imaginary parts are physical.

w=FE/h

For a free particle:. o /
Y(7,t) ~e "™

Momentum: Energy:

L L7 > (hk)
= hk g=2
\ P 2m  2m /



/ Schrodinger equation: \

/ a hz 82 imension
ih—Y¥(x,t)=———=Y(x.1) (.ld )
af 2 m ax (Time dependent)
Let [ (kx—at
) \P()C, t) = A ° 81( ) A is a (complex) constant.
Then
(1) = i A = (i) 4
ot ot

=E-A-&%™ =E - ¥(x,1)

h2 82 h2 az v hZ |
- Y¥Y(x,f)=——— (A4 )=| - — H P (4. gt
2m ox’ (x.1) 2m axz( ¢ ) ( 2m]( y(4-e )

WK

[

Schrodinger equation:

(3 dimensions)

i

0 - G n (9> 09 9 .
h—Y((r,t)=——VY(r,t)=—— WY(r,t
ot ) 2m 7. 2m(8x2+8y2+822] 7.1)

2
i(kx—awt P
=28 (4o )= 2 w(x,p)
2m 2m
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Let \P(’—;,t) — A . ei(l;.iﬂ'—a)t) — A . ei((kx.x+ky-y+kz-z)—wt)

Then ih%‘}f(;?’,t) =ii(—iw)¥Y(r,t)=E-WY(r,t) asbefore.
But:

2 2 2 2 2 2 2 2 =
_h[a+ a+a\J\P(?’t) — _h(a + i+ aj(A . ei(k-?—wt))

2m\ox*  9y* 9z’ 2m\ ox* 9y* 0z’
an . . i[OS +E+ED
- (_ ij((zkx Y+ (ik, F + (k. ) J - e )= L . (7, 1)

212 2
= —h k (A . ei(k';"‘”’))= P Y(7,1)
2
2m 2m
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/o Quantum mechanics of free \

particles:

Y (F, 1) ~ & F7

Generally,
W(F, 0 =Y 4,80 [ died(l)e ™

is also a possibility. )

\

/F ime-independent Schrodinger equatim

\P(I_’:,t) — A . ei(l;-?—a)t)

4. ei((kx'X+ky'y+kz-Z)—wt) _ 4. ei(kx-x+ky-y+kz-z) Lo

G J

~
Call this l//( r )

— Y, =p(F) e
From: ihi\y(m) = —h—zﬁzw(f,t)
ot 2m

2 2
ihg‘{’(F,t) = min//(f) e = ih(—ioW (F)- e =E-y(F)-e™ = —Lﬁzl}'(f,z) = —L%//(f) e
ot ot 2m 2m

2
= Sy = Ew)
2m

/




/°  Confined particles: A box

/L
v

L

A
v

Goal: find 1//(}7)

Similar to electric field inside the box.
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\

Goal: find w(}_;) \

>

=
L
=

Everywhere outside the box

4 () =0

>

In particular,

— e
()| =0

on the boundaries.

As before, we will consider all six surfaces:
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/

Boundary conditions:

The plane x=0:
Try:
- i(k,x+k, y+k,z)
: p(r)=A-e
L
«—
L

(kN +k - y+k, - ik -y+k.-
w(x:O,y’Z):A.ez(A\i(r;yJsz)=A.el( y Ytk z)

Does not solve boundary condition!!!

Boundary conditions: me plan&

Let’s try something:

w(F)=A. ol ke, e 2)

l/j(x = 09 y,Z) =4- (eﬂ&x - e_l%‘.x)' ei(k'v‘y-kkz'Z)

0 0

=4 (eo — eo)' et =0

Does solve boundary condition!!!



/ Boundary conditions: meplne x-L: ( Boundary conditions: A

W(l_’:) =A- (eikx-x — e_ikr'x ) ei(kY'y+kZ'Z) We can do the same for y, z:
- 3 . . .
) o R ) w(7) = (2i)’ A-sin(k, x)-sin(k_y)-sin(k, 2)
. =2iA4-sin(k x)-e .
A A k, =nn/L
X L . | PR X L !
s1n(t9)=—_(e —e ) ) > kn =nrn/L
L ! L y 7
vt k, =n7/L
. . i(k,-y+k,z z
w(x=L,y,z)=2i4-sin(k L)-e"" =07?
e 2 2 2 2
If and only if: ne(k, "+ k,,y +k,7) R*(z/L)Y? 2 2
E= 5 = 5 (n, +n, +n")
m m
k,=nm/L
These are the allowed energy levels, or “quantum states”
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/ Many electrons: Energy spectrum of free particles:\

W (/LY
E= M(nf + ny2 +n.’)
2m
A
L These are the allowed energy levels,

A 113 t t t 29
. ﬁ‘ or “quantum states g
> 0%
L <

Pauli exclusion principle: Each unique combination of n, n,, n, can

X2y 7 Etc.
only have two electrons (spin up, spin down).

n=2,n~1,n=1 n=1,n=2,n=1 ‘ n=1,n=1,n=2 ‘

n=1,n~=1,n~=I

. ]\ )




/ Density of states: \ ( Density of states: N\

Easier first to think of in k-space:

Density of states in k-space is uniform:
If L is large, states are very close together.

. . N
Approximate as a continuum. One state per (71/L)*:

} E+dE k
];\ How many states?
N,dE =7

Number of states with energy between E and E + dE N

P(E)dE =7 k

Number of states with energy between E and E + dE per volume.
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Z

A310U9

/ Density of states: Density of states: \
Easier first to think of in k-space: Number of states between k, k+dk:
Density of states in k-space is uniform: N d k — 9
One state per (1/L)3: k )

. k .

Z

From Verdeyen

x | k, =nz/L

2 2 2 k”y :I’lyﬂ'/L
FromVerdeyy \ k = \/kx +ky +kz km :nzﬂ/L /




Nyak =7 )

. Volume of spherical shell
L —amedis

8 1s for upper right quadrant

Number of states in volume=
Volume x States/volume

States/volume = 1 / (m/L)3:
2
1 2= 5 k c;’k
(/L) T

Ndk _ kdk

N, dk = (47> dk /8)-

p,dk = >
volume 7

HW you will do calculation for 2 dimensional world.
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poL)dre =" A

We use:

p,dk = p(E)dE
k*dk

h’k* 2m dE
E= o T k= 7*”‘#%%
21/2m3/2 o
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/ Fermi gas:

At zero temperature, as we add electrons to the
box, we gradually fill up all the states.
(DISCUSS PAULI EXCLUSION PRINCIPLE
-IMPORTANT!)
=————" EFremi  When we are done filling the box, the energy
of the last electron is called the “Fermi energy.”

A310U9

“Gas” means we neglect electron-electron interactions.

>A11 these states are filled with electrons.

P(E)

=V
\ energy

A310U9

=V

Fermi energy: N\

2_3/2
m

Ey £ 52" 12
# electrons = L N dE = L L -EdE
V4

2h3/2

21/2m3/2 2
#electrons = L' =——— —E;./ 2
_ °h 3
E=E

Fermi

=F

A

_ 377" (#electrons 2
_ &

2m

>A11 these states are
filled with electrons.

In a typical metal, L ~ 0.1 nm.
E; ~10eV



/ Uccupation probaboility: Boltzmann:; N\

Recall Boltzmann factor P(¢):

“The probability for a physical system to be in
a state with energy € is proportional to e™*".”

P(E)

T This is actually not quite true. It is classical.

cnergy A quantum calculation shows for electrons:

E=E

~“Fermi

P(E) = probability of occupying a state 1

i P(E) =~y
with energy E S EEDVT

What about finite temperature? Called Fermi-Dirac distribution function.
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/ Fermi-Dirac: \ / \

. Forget about free electrons for now.
P

1
= Back to the hydrogen atom.
&

0

energy I
E=Eg i

\ P=1/2 at E; for all temperatures. kT ) \ /



/ Chemical bonds: Chemical bonds: N\

7 7 7 7 7 7

/ n=inf. n=inf. _ n=inf. l n=inf. l n=inf. _ n=inf.
n=3 — n=3 — n=3 — n=3 — 1n=3 — n=3
n=2 — 1n=2 — n=2 — n=2 — 1n=2 — n=2

—o-e— 17l e o000 07l —o-e— 17l —o-e— 171

“Bonding and anti-bonding”
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/ Chemical bonds: Band theory of solids: \

7 ‘ v 7 . 7 ‘
n=inf. m n=inf. W n=inf. _ n=inf. 1 Hydrogen atom: 2 Hydrogen atoms: 3 Hydrogen atoms: N Hydrogen atoms:
— n=3 —— n=3 —— n=3 — n=3 v
n=inf. antibond — N levels
n=2 —— n=2 ——— n=2 —— n=2 n=3 ~— bond — )
n=2 antibond N N levels
—I— —|_ — bond
8
&l
1 1 1 1 antibond
n= n= n= —&-O0— n= = — —
—O-0— —o0e —o-e— n=l bond

“N atoms give N levels”




A310u0

band theory o1 solids:

N Hydrogen atoms:

N levels -> “band” of energy

N levels -> “band” of energy

N levels -> “band” of energy

{ Lecture 12, Slide # 33
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band theory o1 solids: N\
Filled bands do not conduct electricity!

Insulator: Metal: Semiconductor:
Conduction band Zf;?fjgﬁcm

“Bandgap”

B e
B N

~_ Empty states:

“holes”

310U

We usually don’t care about lower bands.

LASER will be formed by electrons going from conduction to valence band...
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A310U9

A310u0

Semiconductors:

Finite temperature:

“Bandgap”

Thermally
excited electrons

. Empty states:

“holes”

Zero temperature:

“Bandgap”

NO thermally
excited electrons

“holes”

¥~ NO Empty states:

NO CONDUCTION

AT ZERO TEMPERATURE.

Only at finite temperature.

Hence the name, “semi”conductors.

Silicon: \

72.59

50

1187
77 78 9 8 82
190.2

109

(266)

From http://pearl1.lanl. BB/ default htm

Lanthanide Series* Ce Pr Nd r% Sm Eu Gd Tb Dy Ho Er Tm Yb Lu

Actinide Series~ Th Pa

Ic
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2
Q
&

deu/



/eriod ) eiod GaAs: \
: Ge: h . Gap=l4eV : : « .

1 A WA IVA VA VIA VIA

2A 3A 4A 5A B6A 7A
7
2 2
9.012
3 3
4 4
72.59 74.92
5 5
6 6
180.9 86.2 y. 1 197.0 204.4 207.2 209.0
105
7 7

(260)

(226)

From http://pearl1.lanl.gov/periodic/default.htm From http://pearl1.lanl SR /default htm

Lanthanide Series* | Ce  Pr  Nd rEn Sm Eu Gd Tb Dy Ho Er Tm Yb Lanthanide Series* | Ce  Pr  Nd % Sm Eu Gd Tb Dy Ho Er Tm Yb Lu
Actinide Series~ Th Pa U Np Pu Am Cm Bk Cf Es Fm Md No Actinide Series~ Th Pa U Np Pu Am Cm Bk Cf Es Fm Md No Lr
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roup

o | / Remember free electrons now.

Even though electrons in a
N s semiconductor live in “bands of

3 energy”’, we can treat them like free
’ electrons, except for the gap.
5 4
6 r to [ Rn The price we pay for treating a complicated
: i system like free electrons:
@0 @ e s aw 1) Epemi 18 in the middle of the gap.
3) Density of states origin is referred to edge of band.
From hitpd/pesrLanl govipeiodic et 2) Electrons, holes have different “effective” mass values.

Lanthanide Series* Ce Pr Nd r% Sm Eu Gd Tb Dy Ho Er Tm Yb Lu

\Actinide Series~ Th Pa

We now discuss these three points:

ic
g
=
>
3
(@]
3
2
Q
o
ml
8
E
z
o
=



/ S CIICONAUCLOLS. S CIICONAUCLOLS. N\
2) Density of states origin is

1) Egepmi 1n middle of gap:
referred to edge of band :
Petecrons(E)AE = % (E-E)"dE
h
g 8
g £
> E >
E N cen
Fermi ¥ S
0] Q
= =
0] D]
EV
(E)dE = 2"m «(E,-E)"dE
In board, Potes B
discuss magnitude of gap,
kT smearing.
Also high energy appr.
to Fermi-Dirac, and low — =
robability of excitation! P (E) p(E)
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12302
2

~A—(E-E,)"dE

peleclronv(E )dE =

c

310U

ol

172 3/2
2m

/ Semiconductors: How many electrons in conduction band? \
Petectrons (E)E = TSR (E-E)"dE

3) Effective mass of electrons, holes:
E k . = [ P(E)p(E)dE
& c E
TPE) < p(E) 1
P(E) =

E -
v (E-E;)/kT
e T +1
. (EVAE = (E.—E)"dE (Discuss high energy appr. on board.)
* 3/2
m kT (E,~E,)/kT
n =2 e

* 27

S m,,m,
. JARERN )

I
g
energ
m
energy

~




/ naow many Nnolies 1 vailence vana’ \
_ \ p; = [l1-P(E)o(E)E
Erom 23 B E,
i Peteerons (ENd) =%'(E -E)"dE
°h
~ - 1
P(E) P(E) P(E)=
e(E—Ef)/kT 1
" 3/2
o kT ) i
P = 2 e
27th

olics and clecirons \

( m, kT " (E,~E;)/KT
p;=2 e

27h?
*kT 3/2
m (E —E)/kT
n=2——1 e’
27th
But E¢- E, = (1/2) E, and E - E=(112) E .
With some algebra,
3/2
kT = x\3/4 ~E /2kT
n=p =2 Py m,m,| e
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/ Doping

* If we purposely include some “impurities” in
the crystal, we can add more electrons.

 This works if the impurity atoms have one
more electron per atom than the host
semiconductor.

 Since we increase # of electrons, Fermi energy
increases

* Intrinsic means no doping.

Silicon \

Dopan
“Donors”

(226)

From hitp://pearl 1 .lanl.gov/periodic/default.htm

» Examples discussed for Si on next slide: }

\LanthanideSerieS* Ce Pr Nd r% Sm Eu Gd Tb Dy Ho Er Tm Yb Lu

Es Fm Md No Lr /

Actinide Series~ Th Pa

o
&
A
‘)>
3
(o]
E]
2
Q
&



aow many electrons i conauction bandr?

N-type doped semiconductors:
“Doped” Ferr)i energy .
Finite temperature:
Doped + thermally
excited electrons Erermi Q Ec>\‘
« . Eremi & 9
Bandgap / o 5
% 3 5} E, 5
%3 . Empty states:
“holes” ‘Intrinsic” Fermi energy
GCL 29 t t ) P(E) ) p(E)
Oow  tempcerature:
p + N 2 m kT (EFermt(mtnnslc)_E )/kT + N
“Doped” ntotal ”l donors P e donors
clectrons CONDUCTION 27[h
“Bandgap” / AT LOW TEMPERATURE! . _ _ _
g 3 We can determine the new Fermi level by the relationship:
] ¥~ NO Empty states: m, kT (E -E.)/kT
< 2 f— Fermi new c
holes n total — ni + N donors 2 N 22
27th
HW will calculate what has to be Ep, . ., fOr @ given dopant density N
for this formula to come out right..
{ Lecture 12, Slide # 50
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How many holes in valence band? \

/ How many electrons in conduction band?
A method to calculate if E;,; is known: A method to calculate if E;; is known:
“Doped” Ferrfji energy “Doped” Ferrd)i energy
= | P(E)p(E)dE = [[1-
. j (E)p(E)d p.= [l1-PE)o(E)E
Erami 33 & E, By B2 ) E,
g E\, % ‘Fermi %0 . s c
© 21/2 3/2 ; g Vg
_ (F 1/2 12,.3/2
Prcaon(NJE = (BB P EVIE =2 S (E =) " dE
B P(E)\ ° p(E) P(E) = 1 ~pE | ° 1
- . =5 - (E) P(E) —
« » E—E,)/kT =
Intrinsic” Fermi energy e( 7) + 1 “Intrinsic” Fermi energ\y P (E ) e(E—E )/ KT + 1
. 3/2
m, kT S EENIRT

e N\32
n =2 m kT o BT ) \ p, =2 e

\ o\ 2’



/ ol1es and eleclrons wnen dopea IN-type

o N32
m, kT o EENIKT

)
P=4 m

o7 3/2
n=2 NS >
27th

(E,~E,)/kT
b

But E;- E, # (1/2) Ey,, and E,— E; # (1/2) Ey!

n>p
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We can do the whole exercise
again with HOLES.
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. Silicon )
p-type (hgle) &
dopants

eriod

72.59

From http://pearl1.lanl.go

Lanthanide Series* Ce Pr Nd r% Sm Eu Gd Tb Dy Ho Er Tm Yb Lu

\Actinide Series~ Th Pa

Ic

Np Pu Am Cm Bk Cf Es Fi d No Lr

A310U9

A310u0

P-type doped semiconductors:

Finite temperature:

Doped + thermally

excited electrons

“Bandgatp” /

. Empty states:

“holes”

“Low” temperature:

no
clectrons

“Bandgap”

*~_ Empty states:

“holes”

\

CONDUCTION
AT LOW TEMPERATURE!



AOow many noles i valence vand:

E “Doped” Fertf]i energy \
Eremi E.
Erom & &
& 5}
8 E 2
[
‘Intrinsic” Fermi energy
“PE) ° p(E)
p — p + — mhkT (EV_EFermi (intrinsic) )/kT +
total — i acceptors 2 acceptors
v 27h v
We can determine the new Fermi level by the relationship
£
po=p N =0l T
total — 17§ acceptors 2
v 27th

Fermi new

HW will calculate what has to be E

for this formula to come out right..
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N

for a given dopant density N

4

Oow many noles i valence vand

N\

A method to calculate if E ; is known

i energy

—oo

“Doped” Fer
p, = [[1-P(E)|o(E)dE
Erom 3 5 E,
21/2 3/2 2
Pateron EWIE == (B~ E,)
TTRm| T e P(E) = !
L0 T 10 3 - E_E /kT
Intrinsic” Fermi energy e( 7) +1
* 3/2
_5 m, kT (E,~E )/ kT
b= 2
27th /
| Lecture 12, stide # 58
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\

/ How many electrons in conduction band?
A method to calculate if E;,; is known:

E“Doped,, Fe ienergQ\
E‘ rmi >\
- Fes ? . ? c
2 s
21/2 3/2
Petconons (EVAE = —557
PE)| @) P(E)=
“Intrinsic” Fermi energy
. 3/2
m, kT (E,~E,)/KT
A o

= J‘ P(E)p(E)dE

(E-E)"*dE

1

E-E )/ kT
e ETEOMT

Holes and electrons when doped

. 3/2
] oofgr] o
Tl
T 3/2
I’l’l _
n="2 272%2 e(E/ E,)/kT

But E;- E # (1/2) E,,

,and B, — E; # (1/2) Ey !

n

<P

y,



/

Intrinsic:

In conclusion:

n-type:

S - P(E) S

n>p

p-type:

= H =
E B

-

" P(E)

n<p
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ermi

( What we’ve done:

 Free electron density of states
» Fermi-Dirac distrubution function

» Band theory of solids (metal, insulator,
semiconductor)

 Effective mass, density of states in
semiconductors

» Electron, hole carrier concentrations in
semiconductors
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/

In future lectures:

~

Optical transitions:
Absorption:

A310U0

~



Spontaneous emission: Stimulated emission:

/ uptical transitions: \ ( uptical transitions: \

A310U0
A310U0

el AYA
el AYA 2 EAVAV\YS NN

Why can’t this lase?
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