[ecture 12: Free electrons
* Quantum mechanics

* Free electrons 1n a box

* Fermu gas

* Fermi-Dirac distribution function
* Covers Verdeyen ch. 11

 Please ask questions!
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Free electron theory of solids

Each atom in the solid “gives up” one electron

Each electron 1s free to move where-ever it
wants, with no scattering

Completely the opposite of atom lasers, where
each electron 1s bound to each atom

Amazingly, this simple 1dea makes predictions
that are true!

Not for semiconductors, but metals
Still need to understand this for semiconductors
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Electrons are waves, too.
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Quantum mechanics of free

particles:

-~ 2
T ( ’/' 9 t ) is probability of finding an electron at point r at time t.

¥ is complex, and both real and imaginary parts are physical.

w=FE/h

For a free particle:. o /
P(F, 1) ~ e/ 7o

Momentum: Energy:
- 2 2
5= hk g=F - K)
2m  2m
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Schrodinger equation:

a hZ 82 imension
ih—W(x,t)=— —W(x,p)| U mension
a [ 2 m ax (Time dependent)
Let [ (kx—ar
\P(X ° t ) — A - € ( ) A is a (complex) constant.
then . 0 = N i ilke-ot) _ g i(ke—or)
ih—Y((r,t)=ih—A-e =ih(—-iw)A-e
ot ot

=E-A-&"™ =FE-W¥(x,t)

_hzaz\P(x,t):_hzaz(A.ez‘(lcxwz)):[_hzj(iky(A,ei(locwz))

2m Ox” 2m ox” 2m
272 2
_ h'k (A.ei(kx—wl‘)):p_qj(x,t)
2m 2m
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S Chro din g er equation : (3 dimensions)

0 h - n*(o0° 09° 0o
"L (F 1) = V(7 1) = — W, 1
l t (r0)= 2m (r.1) 2 [axz T dy” T az2j (7.1)

Let LP(I—;J) — A.ei(é.?—ax) — A.ei((kX'x+ky'y+kz'Z)_w’)

Then ih%‘{’(?,t)=ih(—iw)‘P(F,t):E-\P(7,t) as before.

But: 2 2 2 2 2 2 2 2 )
_ I az+82+82 ‘P(?,t):—h az+az+a2 (A-ei(k'?‘“”))
2m\ dx” dy~ Oz 2m\ dx” dy~ Oz

(2t - (<>}P<>

2m 2m

h2k2 _— pz
= AT )= (i g
2m ( ) 2m (7,0)
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Quantum mechanics of free
particles:

Y(7,t) ~é (k-7 =en)

Generally,
V(0 =Y A, — | dkA(k)e ™

1s also a possibility.
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Time-independent Schrodinger equation

Y(r,t)=A4- g k7=

_ A.ei((kx-x+ky-y+kz-z)—a)t): . g herthyytkos) | i
. /

Call this  {Jf (77)
:>‘If(r H=w((r)-e"’

hz
From: lh y Y(r,t)= —%VZLP(I” 1) |
ih%‘l’(?,t) = ih%w(?) e =ih(—iw)y(F) e = E-y(F) e = —;—mﬁzw(f,t) = —;—m€2w(f) e
2
= —— V() = E - p(F)
2m
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Confined particles: A box

, g

L

Goal: find lﬂ(?)

Similar to electric field inside the box.
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Goal: find W(I_;)

Everywhere outside the box

. A ()| =0
yX

In particular,

L (7)) =0

on the boundaries.

As before, we will consider all six surfaces:
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Boundary conditions:

The plane x=0:

Try:
W(?) _ A . ei(kx-x+ky-y+kz-z)

A

W(X — O y Z) - A-ei(k&-l_kfy-l_kfz) — A.ei(ky-y+kz-z)
sV 0

Does not solve boundary condition!!!
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B Oundary Condltlons * The plane x=0:

Let’s try something:
- i(k x+k - y+k_-z
p(F)=A-e" T

w(x=0,y,z)=A4- ( \ _e %‘-x).ei(ky-wrkz-z)

0
(k,-y+k,z
=A-(eo—eo)-e’( ") —

Does solve boundary condition!!!
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Boundary COIldlthIlS: The plane x=L:
W(}_/:) — A . (eikx-x _ e—ikx-x ) ei(ky-y+kz.z)

o ko
= 21A-sm(kxx).el( yyks2)

/j sin(@) = i (eié’ _ e—z‘e)

21

w(x=L,y,z)=2id-sin(k L)-&"“"" =09

If and only if:

k =nm/L
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Boundary conditions:

We can do the same for y, z:

w(F)=(2i) A- sin(k, x)-sin(k y)-sin(k, z)

,/L‘ l]? =n /L

. o =NITL
k =nm/L
Pk C+k C+k 2 2
= ( n, n, n, ):h(ﬂ'/L) (nx2+n2+n22)
2m 2m g

These are the allowed energy levels, or “quantum states”™
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Many electrons:

R (m/L)
2m

These are the allowed energy levels,
/j or “quantum states”

E (nx2 + ny2 + nzz)

>

Pauli exclusion principle: Each unique combination of n,, n,, n, can
only have two electrons (spin up, spin down).
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Energy spectrum of free particles:

AS10U9

Etc.

n=2,n=1,n~=1 n=1,n=2,n~=1 n=1,n=1,n=2

n=1,n=1,n=I
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Density of states:

If L 1s large, states are very close together.
Approximate as a continuum.

E+dE

}E\ How many states?
N,dE =1

Number of states with energy between E and E + dE

O(E)dE =7

Number of states with energy between E and E + dE per volume.

AS10U9
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Density of states:

Easier first to think of in k-space:
Density of states in k-space 1s uniform:

One state per (1t/L)°:

/ 5y
k

X
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Density of states:

Easier first to think of in k-space:
Density of states in k-space 1s uniform:

One state per (1t/L)°:

From Verdeyen
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Density of states:
Number of states between k, k+dk:

N, dk =7

Ky | k, =n7/L
k =nrm/L

_ 2 2 2 ny Y
k=\/kx "ky "kz anZI/lZ?Z'/L
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N, dk =2

Volume of spherical shell
=4mk>dk/8
8 1s for upper right quadrant

Number of states in volume=
Volume x States/volume

States/volume = 1 / (m/L)>:

2
N dk = (47i>dk /8) : /IL)3 2=k
/A /A
N.dk  K*dk

pPrdk = =
volume 7«

HW you will do calculation for 2 dimensional world.

2
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O(E)dE ="

We use:

pydk = p(E)dE
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Fermi gas:

At zero temperature, as we add electrons to the
box, we gradually fill up all the states.
(DISCUSS PAULI EXCLUSION PRINCIPLE
-IMPORTANT!)

\ E=E

Fermi  When we are done filling the box, the energy
of the last electron is called the “Fermi energy.”

AS10U9

“Gas” means we neglect electron-electron interactions.

>All these states are filled with electrons.

A

P(E)

v

energy
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AS10U9

Fermi energy:

1/2 3/2
2 °m

E. E
# electrons = J;) "N dE = _[0 T

/2 3/2
2 °m> 2

# electrons = [ —E3?

24£3/2 f
F—E Tht 3

Fermi

:>Ef

- 2m I

3P (# electronsjm

>A11 these states are
filled with electrons.

In a typical metal, L ~ 0.1 nm.
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Occupation probability:

P(E)

energy T
E:EFermi

P(E) = probability of occupying a state
with energy E

What about finite temperature?
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Boltzmann:

Recall Boltzmann factor P(¢):

“The probability for a physical system to be in

a state with energy € 1s proportional to e

—E/kBT 99

This 1s actually not quite true. It 1s classical.

A quantum calculation shows for el

P(E) =

1

e(E—Ef)/kT

+1

ectrons:

Called Fermi-Dirac distribution function.
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Fermi-Dirac:

1

‘. P(E) =

e(E—Ef)/kT

+ 1

S
0 N

energy T

E=E

P(E)

v

Fermi

—>

P=1/2 at E; for all temperatures. KT
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Forget about free electrons for now.

Back to the hydrogen atom.
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Chemical bonds:

n=3 n=3 n=3
n=2 n=2 n=2
oo n=l —o-e— 1=l eeoo0o0 Ml
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Chemical bonds:

n=3 n=3 n=3
n=2 n=2 n=2

_|_

— 00— p=1
— 00—

“Bonding and anti-bonding”
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Chemical bonds:

n=3 n=3 n=3 n=3

n=2 n=2 n=2 n=2

—O-O0—
=1 n=1 n=1 — @ O0— n=1
o-@ — 9 — o0

“N atoms give N levels”
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Band theory of solids:

1 Hydrogen atom: 2 Hydrogen atoms: 3 Hydrogen atoms: N Hydrogen atoms:
7

Ilil31’lf. antibond — =—— N levels
n= bond E— —
— 122 . —
—antlbond — = N levels
bond E— —
o —
=
(¢}
a9
<
—0-0— n=1 — antibond — —— Nlevels
bond — =
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Band theory of solids:

N Hydrogen atoms:
N -> infinity

N levels -> “band” of energy

ASI10ud

N levels -> “band” of energy

N levels -> “band” of energy
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ASI10U9

Band theory of solids:
Filled bands do not conduct electricity!

Insulator: Metal: Semiconductor:

) Thermally
onduction ban excited electrons
“Bandgap” /

We usually don’t care about lower bands.

LASER will be formed by electrons going from conduction to valence band...
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Semiconductors:

Finite temperature:

A Thermally
excited electrons

o “Bandgap”
=
3
% . Empty states:
“holes”
Zero temperature:
A NO thermally
excited electrons ~ NO CONDUCTION
“Bandeap” AT ZERO TEMPERATURE.
e &eb Only at finite temperature.
Q Hence the name, “semi”’conductors.
% ¥~ NO Empty states:

“holes”
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Silicon:

From http://pearll.lanl.gov/periodic/default.htm

Lanthanide Series* | Ce  Pr  Nd r% Sm Eu Gd Tb Dy Ho Er Tm Yb

Actinide Series~ Th Pa U Np Pu Am Cm Bk Cf Es Fm Md No
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From http://pearll.lanl.gov/periodic/default.htm

Lanthanide Series* | Ce  Pr  Nd E Sm Eu Gd Tb Dy Ho Er Tm Yb

Actinide Series~ Th Pa U Np Pu Am Cm Bk Cf Es Fm Md No
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From http://pearll.lanl.gov/periodic/default.htm

Lanthanide Series* | Ce  Pr  Nd E Sm Eu Gd Tb Dy Ho Er Tm Yb

Actinide Series~ Th Pa U Np Pu Am Cm Bk Cf Es Fm Md No
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From http://pearll.lanl.gov/periodic/default.htm

Lanthanide Series* | Ce  Pr  Nd E Sm Eu Gd Tb Dy Ho Er Tm Yb

Actinide Series~ Th Pa U Np Pu Am Cm Bk Cf Es Fm Md No
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Remember free electrons now.

Even though electrons 1n a
semiconductor live in “bands of
energy’, we can treat them like free
electrons, except for the gap.

The price we pay for treating a complicated

system like free electrons:

1) Eg..m; 1S 1n the middle of the gap.

3) Density of states origin 1s referred to edge of band.

2) Electrons, holes have different “effective” mass values.

We now discuss these three points:
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Semiconductors:

1)E in middle of gap:

Fermi
A
(@]
B
z L
>N
&f)
L
QO
<
Q

/ EFel‘Hﬂ

In board,

discuss magnitude of gap,
kT smearing.

Also high energy appr.

to Fermi-Dirac, and low —
Probability of excitation! P(E)

A
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Semiconductors:
2) Density of states origin 1s

referred to edge of band :

21/2m3/2 "
IOelectrons (E)dE = W ) (E - Ec) dE

EV
21/2m3/2
Photes (E)AE = ey (E,—E)"dE

p(E)
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Semiconductors:
3) Effective mass of electrons, holes:

A
(E-E)"dE
[©]
&
09
= ]
|. -
%k *

o(E) ¢’
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How many electrons in conduction band?

A

_

A

= j P(E)p(E)dE

EFermi gﬁ &>ﬁ
) O
21/2 3/2 1
electrons (E)d = W : (E - Ec) dE
CTPE) T p®) _ l
P(E) ~ (E-E;)/kT
+1
(Discuss high energy appr. on board.)
” 3/2
m kT (E,~E,)/kT
n =2 | e
27th
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How many holes in valence band?

E \ p, = [[1- P(E)|o(E)dE
EFe“nib>6 Cgﬁ E,
e VI =2 (B )
T°h
P “P(E) ° ) o(E) P(E): |
“EV/k
(E-EQ)/KT 1
« 3/2
mhkT (E,~E )/ kT

=2 o
P 2 7th?
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Holes and electrons

e 3/2
E p,=2| kL peos
I

2 7th?

T 3/2
m E —E.)/kT
n. = 2 e e( f c)

’ 2 7th*

ButE.-E . =(12) E
With some algebra,

andE -E=(1/2) E

gap gap’

3/2

kT « +V/4 _E 2kT
mm,| e

2 7th*

n,=p, =2
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Doping
If we purposely include some “impurities” 1n
the crystal, we can add more electrons.

This works 1f the impurity atoms have one
more electron per atom than the host
semiconductor.

Since we increase # of electrons, Fermi energy
Increases

Intrinsic means no doping.

Examples discussed for S1 on next slide:
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Silicon
Dopan
“Donors’

From http://pearll.lanl.gov/periodic/default.htm

Sm Eu Gd Tb Dy Ho Er Tm Yb

Lanthanide Series* Ce Pr Nd

Actinide Series~ Th Pa U Np Pu Am Cm Bk Cf Es Fm Md No
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N-type doped semiconductors:

Finite temperature:

A Doped + thermally
excited electrons

(@]
=]
[©]
05
<
¥ 99 .
Low” temperature:
A “Doped”
electrons CONDUCTION
« » AT LOW TEMPERATURE!
o Bandgap
o
Z . NO Empty states:
“holes”
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How many electrons in conduction band?
“Doped” Fermi

E

»
»

.
Fermi £0
erl’l'llg
\ = E

‘Intrinsic” Fermi energy

A

A

“P(E) ° p(E)

m kT o —E,)/KT
— ermi (intrinsic)
n,.,=n+N, =2 + N

onors P donors
27th

We can determine the new Fermi level by the relationship:

m, kT o Ererminey ~Ec) KT
n total — n T N donors 2 272'7’22 "

HW will calculate what has to be E
for this formula to come out right..
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How many electrons in conduction band?

A method to calculate 1f Eg, . 1s known:

“Doped” Ferrfji energy R
E \ \ = j P(E)o(E)dE
‘7 Eromi &>‘3 53
(E)d, —M-(E—E )2 dE
electrons T 2 h 3/2 c
“Intrinsic” Fermi energy (E-E;)/kT +1
*kT 3/2
m E —E.)/kT
27th
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How many holes in valence band?

A method to calculate 1f Eg, . 1s known:

“Doped” Ferrfji energy N
_ \ p,= [[1=P(E)|o(E)dE
/ | SN O>J3 C@ Ec
° ° 21/2m3/2
pelectronS(E)d = 7[2h3/2 '(E_Ec)l/sz
- P(E) \ = p(E) P(E) = 1
“Intrinsic” Fermi energy e(E —E )/ kT +1
" 3/2
_2 mhkT (Ev_Ef)/kT
pi R 2 €
27th
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Holes and electrons when doped N-type

* 3/2
[ PR S

2 7th?

e N\3/2
m kT B EIRT

n=>2 :
27th

ButE,-E_# (1/2)E, and E,.—E, # (12)E,_!

gap gap’

n>p
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We can do the whole exercise
again with HOLES.
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Silicon

p-type (hgle)
dopants

? Ne

; B o o weaCCEptors’ i i
7B Py 1B 2B

4

5

6

7

From http://pearll.lanl.gov/periodic/default.htm

Sm Eu Gd Tb Dy Ho Er Tm Yb

Lanthanide Series* Ce Pr Nd

Actinide Series~ Th Pa U Np Pu Am Cm Bk Cf Es Fm Md No
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P-type doped semiconductors:

Finite temperature:

A Doped + thermally
excited electrons
o “Bandgap”
=]
[©]
0
<
114 29 .
Low” temperature:
A no
electrons CONDUCTION
“ » AT LOW TEMPERATURE!
Bandgap
3
(@]
a3
<
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How many holes in valence band?

E “Doped” Fermi energy
‘ E
2 >
5 27
5 E, 2
)
‘Intrinsic” Fermi energy
“P(E) ° p(E)
%
m k T E -Eo . . VKT
— —_ h ( v Fermi (intrinsic) )
ptotal_pi+Nacce =2 € +N
ptors 2 acceptors
27th
We can determine the new Fermi level by the relationship:
%k
— + N — mhkT (EV_EFermi new)/kT
Protar = Pi acceptors €

27th*

HW will calculate what has to be E
for this formula to come out right..
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How many holes in valence band?

A method to calculate 1f Eg, . 1s known:

“Doped” Ferm1 energy N
E \ p, = |[1=P(E)]o(E)dE
/,} | SN c>f) CEB Ec
- o E, %
° 21/2m3/2
Petecirons (E)AE = e (E-E.)"*dE
: ~P(E)\ = p(E) P(E) = 1
“Intrinsic” Fermi energy e(E —E )/ kT +1
" 3/2
_2 mhkT (Ev_Ef)/kT
Pi = 2 €
27th
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How many electrons in conduction band?

A method to calculate 1f Eg, . 1s known:

A A

“Doped” Fertfli energ
E 9\ = j P(E)p(E)dE

EFermi gﬁ &>ﬁ
21/2 3/2 1
electrons(E)d _W'(E_EC) dE
‘ "P(E)\ = B PE) = 1
“Intrinsic” Fermi energy ( ) (E-E;)/kT 11
. LT 3/2
m, (E,—E,)/kT
n=>2 —— e’
27th
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Holes and electrons when doped

* 3/2
0 e

2 7th?

e N\3/2
m kT B EIRT

n=>2 :
27th

ButE,-E_# (1/2)E, and E,.—E, # (12)E,_!

gap gap’

n<p
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In conclusion:

Intrinsic: n-type: p-type:

_ - ]

Fermi Fermi Fermi

“PE) ° “PE) “ “PE) ©

n=p n>p n<p
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What we’ve done:

Free electron density of states
Fermi-Dirac distrubution function

Band theory of solids (metal, insulator,
semiconductor)

Effective mass, density of states in
semiconductors

Electron, hole carrier concentrations in
semiconductors
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In future lectures:
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Optical transitions:
Absorption:

]

AS10U2
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Optical transitions:
Spontaneous emission:

AS10U2

v
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AS10U2

Optical transitions:
Stimulated emission:

v

Why can’t this lase?
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