Quantum mechanics of free electrons

* Important for quantized resistance calculation
* Important for single electron transistors

* Density of states
— 3 dimensions
— 2 dimensions
— 1 dimensions
— 0 dimensions
* Dimensionality (effective)

— Set by size of nano-device compared to electron wavelength
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Quantum mechanics of free

particles
— 2
‘P ( I/‘ o t ) is probability of finding an electron at point r at time t.

Y is complex, and both real and imaginary parts are physical.
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Quantum mechanics of free

particles:

- 2
T ( r 9 t ) is probability of finding an electron at point r at time t.

VY is complex, and both real and imaginary parts are physical.

For a free particle:

\Ij(lj:, t) N ei(l?-?—aﬂ)

Momentum: Energy:

2 2
B =hk g=2__ )

2m 2m

Last modified 3/18/2003 EECS 217C Nanotechnology © 2003 P. Burke 3



Schrodinger equation:

2 2
ihij(x,l‘) __ h 8 2 LP(X,Z‘) (1 dimension)

ot 2m ox

(Time dependent)
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Schrodinger equation:

2 2
ihillj(x,t) __ h 8 2 LP(X,t) (1 dimension)

ot 2m ox

Let (foc— ot
LP(X, t) — A y el( @ ) A is a (complex) constant.

(Time dependent)
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Schrodinger equation:

] a hz 82 imension
ih—W(x,t)=- —Y(x,1) "¢ )
at 2 m ax (Time dependent)

Let i (kx—wt

\P(X 9 t ) — A - € ( ) A is a (complex) constant.
Then
ihi‘f’(? 1) = in 0 4. tkon = ih(—iw)A-e' ™"
ot ot
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Schrodinger equation:

a hz 82 imension
h—‘P(x,t):— 2‘P(x,t) (1d )
at 2 m ax (Time dependent)
Let (fkx—wt
\P(X 9 t ) — A - € l( ) A is a (complex) constant.
Then 9 9 | |
lh—‘l—'(?’t) —ih— A4- ez(kx—a)t) — Zh(—la))A . ez(kx—a)t)
ot ot

=E- 4. = E-¥(x,1)
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Schrodinger equation:

e, n° 0’ .
lh—‘P(x, t) — _ . LP(X, t) (1 dimension)
at 2 m ax (Time dependent)
Let i (kx—wt
LIJ(.Xj ° t ) — A - € ( ) A is a (complex) constant.
ih—Y ]_/:,t = ih— A" = ih(—iaN A - e\
ot (7:2) ot (i)
=E-A-&"“ = E-¥(x,1)
w9 PO, 2
Tamar 0T e (40 )):[‘M)W‘) (4-e57)
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Schrodinger equation:

) 2
lhiqj(x t) — _ h a LP(X t) (1 dimension)
a { ’ 2m axz ’ (Time dependent)
Let i (kx—wt
\P(X ° t ) — A - € ( ) A is a (complex) constant.
Then . 2 — . a i(kx—wt) __ 3.0 - i(kx—awt)
lhat‘lf(r,t)—lhgfl-e =ih(—-iw)A-e
=FE-A-e" = E-¥(x,1)
n* o’ n* o’ i(kx—at) n? -7\2 i (hx—ot
om0 e e ):(_Mj(lk) (-]
7272 . pz
— A i(kx—awt) :_\Ij ,t
m ( © ) 2m (%.0)
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Schrodinger equation: ..o

0 h - Bt (0> o0° 0o
h—Y(F,t)=—— V¥ = — Y(r,t
l ot (r-1) 2m (70 2m (axz * dy” * azzj (70
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Schrodinger equation: ..o

. B N L
h—W(F,t)=—— V¥ =— Y(7r,t
Hoe T D= VD= (ax”ay”afj 7:2)

i((ky-x+k, - y+k,-z)-ot)

Let \_IJ(’—;,ZL) _ A.ei(E-F—wt) _ Ae(

Last modified 3/18/2003 EECS 217C Nanotechnology © 2003 P. Burke 11



Schrodinger equation:

L 0 /A
ih—Y(r,t)=——VY(r,t)=-
ot 2m 2m

(3 dimensions)

AN s
(8x2 + 5y + azzj‘lf(r,t)

i((ky-x+k, - y+k,-z)-ot)

Let \{j(’—;, t) — A.ei(E-F—wt) — A-e

Then ih%‘l’(?,t)=ih(—ia))‘{’(?,t)=E-\P(F,t) as before.
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Schrodinger equation:

. a — hz = -
in—Y(r,t)=——VYWY(r,t)=-
ot 2m 2m

(3 dimensions)

hz 82 82 82 ~
(axz T dy” * 0z jqj(r’t)

Let \P(’—; t) — 4. ei(E-?—wt) — 1. ei((kx.x+ky.y+kz.z)—a)t)
>
Then ih%‘l’(?,t)=ih(—ia))‘{’(7,t):E-\P(;7,z) as before.

But:
R (0° 9° 0° (9> 9> 9 o
— + + \P _’,t — A . ilk-r-at)
2m [axz dy’ azzj (7.0) 2m [axz i 0y’ i Jz> j( € )
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Schrodinger equation: . ..o

5 s 2l o9 o
h—Y ———V Y = — WY(r.t
e F(r) == VT = =2 [8x2+8y2+822] (7,0)

i((ky-x+k, - y+k,-z)-ot)

SOPFE 1) = AT = g

Then ih%‘l’(?,t)=ih(—iw)‘P(F,t)=E-\P(;7,t) as before.

But:
R (0° 9° 0° (9> 9> 9 o
— + + \IJ _’,t — A . ilk-r-at)

2m [axz dy’ 822] (7.0) 2m Laxz i 0y’ i Jz> j( € )

:[ i j((zk ) + (iky)z +(z‘kz)2)(,4.eiu€-f—wr>) _ Lhz(kxz ey +k22))\11(7,t)

2m 2m
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Schrodinger equation: . ..o

5 s 2l o9 o
h—Y ———V Y = — WY(r.t
e F(r) == VT = =2 [8x2+8y2+822] (7,0)

i((ky-x+k, - y+k,-z)-ot)

SOPFE 1) = AT = g

Then ih%‘l’(?,t):ih(—iw)‘P(F,t):E-\P(?,t) as before.

But:
B[ 0° 9° 0° (0> 9> 9 .
— + + \P _’,t — A . ilk-r-at)

2m [axz dy’ azzj (7,0) 2m Laxz i 0y’ i Jz> j( € )

_ [ A j((zk ) (iky)z N (ikz )2)(A~e"('€"7_“”)) _ (hz(ka +ky2 +kzz)j‘P(l7,t)

2m 2m

h2k2 e p2
— A . el(k-r—a)t) qj 7t
2m ( ) 2m 70
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Quantum mechanics of free
particles:

\P(l—;, t) N ei(/?-?—a)t)

Generally,
W(F, 0= A0 — [ dkAk)e ™

1s also a possibility.
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Time-independent Schrodinger equation

Y(r,t)=A- g K70
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Time-independent Schrodinger equation

Y(r,t)=A- g K70

i\(k,x+k ,-y+k,z)-wt i(k -x+k, -y+k, -z — it
_ . Sk, ) = g, S exthoytken) | io
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Time-independent Schrodinger equation

Y(r,t)=A- g K70

i\(k,x+k ,-y+k,z)-wt i(k -x+k, -y+k, -z — it
_ . Sk, ) = g, S exthoytken) | io

Call this I/ (? )
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Time-independent Schrodinger equation

Y(r,t)=A- g K70

— 4. ei((kx-x+ky.y+kz.z)—a)t) _ 4. ei(kx'x+ky')’+kz'2) . e_l-wt

Call this I/ (? )
= WY(F, ) =w(F) e
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Time-independent Schrodinger equation

Y(r,t)=A- g K70

_ A.ei((kx-x+ky-y+kz-z)—a)t) _ A.ei(kx-x+ky-y+kz-z) Lot

Call this I/ (? )
=Y () =y () e

0 .
From: ih—Y(7#,t)=——V"Y(#,t
rom y (7,1) - (7,1)
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Time-independent Schrodinger equation

Y(r,t)=A- g k7=

— 4. ei((kx~x+ky~y+kz-z)—a)t) — 4. ei(kx-x+ky~y+kz-z) . e_ia)t

Call this Y/ (f" )
=Y () =y () e

a — ° — 2 —
E\P(I",t) = —EV \P(l",t)
0 0 n’ n’

ih—Y(F,t) =ih—w(i)-e ™ =ih(-io)y(F)-e ™ = E-y(F) e =——V¥(F,t)=—— V(i)™
ot ot 2m 2m

From: ih
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Time-independent Schrodinger equation

Y(r,t)=A- g k7=

— 4. ei((kx~x+ky~y+kz-z)—a)t) — 4. ei(kx-x+ky~y+kz-z) . e_ia)t

Call this Y/ (? )
=W () =y () e

0 S

—W(F,t)=——VP(7,t

5 L= VIR
d

2 2
ih—Y¥(7,t) = ihiz//(?’) e =ih(-iw)y(F) e =E-w(i)-e™ = —h—W\P(f,t) = —h—ﬁzgy(;‘»’) e
ot ot 2m 2m

From: ih

2
= —— VW (7¥) = E-y(7)
2m
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Confined particles: A box

, g

L
Goal: find 1//(?)

Similar to electric field inside the box.
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Goal: find W(I_;)

Everywhere outside the box

N
L (2 YV
v i In particular,

s ()| =0

on the boundaries.

As before, we will consider all six surfaces:
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Boundary conditions:

The plane x=0:
Try:

w(F)=A. ei(kx~x+ky-y+kz-z)

A

Last modified 3/18/2003

A
AA
L |4 Y
VAN
\ A X
< >
L
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Boundary conditions:

The plane x=0:

Try:
w(F)=A- ei(kx-x+ky-y+kz-z)

VAN
L |4 Y
VAN
v IIL_ X L

W(x —_ O y Z) _ A ) ei(kx-x+ky-y+kz.z) . A . ei(ky'Y+kz'Z)
— Yo Vo — —

Does not solve boundary condition!!!
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B Oundary Condltlons * The plane x=0:

Let’s try something: L
— i(k,-x+k, -y+k_ -z)
y(r)=4-e "

_A.ei(_kx°x+ky-y+kz-z)

VAN
LZy
VAN
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Boundary conditions: e piane x=0:

Let’s try something:

W(l_’:) _ A . ei(kx-x+ky-y+kz-z)

A
" i(—k,x+k,-y+k_-z)
L |Z y / —A.e Y
A L _ g o ke vk
V4 X X w(r):A.(ezkxx_e zkxx).el(yy+zz)
L
eab:ea eb
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Boundary conditions: e piane x=0:

Let’s try something:

w(F)=A- i et o4 2)

A
" i(—k,x+k,-y+k_-z)
L |2 y / —A.e Y
A 7 |
— T - T k vk -
SRV S
L
eab:ea eb

k. - _ik - (k. v+k. -z
W (x=0,,2) = A-(h = 7). g0
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Boundary conditions: e piane x=0:

Let’s try something:

w(F)=A- i et o4 2)

A
" i(—kyx+k,-y+k,-z)
L |Z y / —A - e Y
. L — k- . (ke vtk -
V4 X X w(r):A.(ezkxx_ezkxx).el(yy+zz)
L a-b a _b

k. - _ik - (k. v+k. -z
W (x=0,,2) = A-(h = 7). g0

(k. -y+k. -z
:A-(eo—eo)-el(yy+z ) —0
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Boundary conditions: e piane x=0:

Let’s try something:

w(F)=A- i et o4 2)

A
" i(—k,x+k,-y+k_-z)
L |2 y / —A.e Y
A 7 |
— k- _ k vk -
SRS
L
eab:ea eb

k. - _ik - (k. v+k. -z
W (x=0,,2) = A-(h = 7). B

(k. -y+k. -z
:A-(eo—eo)-el(yy+z ) —0

Does solve boundary condition!!!
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Boundary conditions: e plane x-L.
w(,‘}) — 4. (eikx.x . e—ikx.x ) . ei(ky'y‘"kz'z)

. . (k- y+k. -z
= 2iA -sin(k x)- "7

Lz )
M >/L‘ sin(6) = — (" —e™)

21

w(x=L,y,z)=2id-sin(k L)-&"“”"* =09
If and only if:

k =nm/L
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Boundary conditions: e planex-L:

i -
()= A-(e" —e ).
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Boundary conditions: e planex-L:

i -
(i) = A-(e" —e ).

— . i(k,-y+k,z)
=2iA4-sim(k x)-e

23
v X /f Sin(e):i.(eie_e—ié’)

21
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Boundary conditions: e planex-L:

— k- —ik. - (k- y+k, -z
W(I”):A‘(elkxx—e lkxX).el(yy-l_z )

A : i(k,-y+k, z)
=2iA-sm(k x)-e

Lz )
M >/L‘ sin(6) = — (" —e™)

21

w(x=L,y,z)=2id-sin(k L)-&"“”"* =09
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Boundary conditions: e planex-L:

— k- —ik. - (k- y+k, -z
W(I”):A‘(elkxx—e lkxX).el(yy-l_z )

A : i(k,-y+k, z)
=2iA-sm(k x)-e

Lz )
M >/L‘ sin(6) = — (" —e™)

21

w(x=L,y,z)=2id-sin(k L)-&"“”"* =09
If and only if:

k =nm/L

Last modified 3/18/2003 EECS 217C Nanotechnology © 2003 P. Burke 37



Boundary conditions:

We can do the same for y, z:

4 w(7) = (2i)’ A-sin(k, x)-sin(k y)-sin(k, z)

s s :
|7 ,/L‘ k, =nm/L
< > kv=ny7Z'/L

n

k, =nm/L

n
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Boundary conditions:

We can do the same for y, z:

4 w(7) = (2i)’ A-sin(k, x)-sin(k y)-sin(k, z)
s / k =nm/L
\ 4 X L kx
p . ) :nyﬂ/L
L A%
k =nm/L
Wk *+k “+k ° 2 2
p e Do ) WL sy
2m 2m g

These are the allowed energy levels, or “quantum states”
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Many electrons:

he (/L)
E = ( ) (nx2+ny2+n22)
A 2m
4 A
L2 vy These are the allowed energy levels,

A /j or “quantum states”

\4 X

< >

L

Pauli exclusion principle: Each unique combination of n, n, n, can
only have two electrons (spin up, spin down).
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Energy spectrum of free particles:

AS10U9

Etc.

n=2,n=1,n~=1 n=1,n=2,n~=1

n=1,n=1,n=2

Last modified 3/18/2003

n=1,n=1,n=I
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Density of states:

If L 1s large, states are very close together.
Approximate as a continuum.

E+dE

AS10U9

E How many states?

Number of states with energy between E and E + dE

Number of states with energy between E and E + dE per volume.
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Last modified 3/18/2003

Density of states:
Easier first to think of in k-space:

Density of states in k-space 1s uniform:

One state per (1/L)>:

/ <y
k

),

EECS 217C Nanotechnology © 2003 P. Burke
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Density of states:

Easier first to think of 1n k-space:
Density of states in k-space 1s uniform:

One state per (1t/L):

From Verdeyen
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Density of states:
Number of states between k, k+dk:

k

k

X

ENG
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dk =7

Volume of spherical shell
=4mk>dk/8
8 1s for upper right quadrant

Number of states in volume=
Volume x States/volume

States/volume = 1 / (m/L)>:

2
N.dk = (47zk2dk/8)- L | o phidk
¢ (/L) T’
N.dk  k’dk

Last modified 3/18/2003

Pk =

volume  7°

HW you will do calculation for 2 dimensional world.
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Last modified 3/18/2003

O(E)dE =7
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Last modified 3/18/2003

O(E)dE =7

We use:

pydk = p(E)dE

EECS 217C Nanotechnology © 2003 P. Burke
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Last modified 3/18/2003

O(E)dE =7

We use:

pydk = p(E)dE
k*dk

2

Pk =

EECS 217C Nanotechnology © 2003 P. Burke
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Last modified 3/18/2003

O(E)dE =7

We use:

pydk = p(E)dE
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Last modified 3/18/2003

O(E)dE =7

We use:

pydk = p(E)dE
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Last modified 3/18/2003

O(E)dE =7

We use:

pdk = p(E)dE
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Fermi gas:

At zero temperature, as we add electrons to the
box, we gradually fill up all the states.
(DISCUSS PAULI EXCLUSION PRINCIPLE
-IMPORTANT!)

E=E

rermi  When we are done filling the box, the energy
of the last electron is called the “Fermi energy.”

A310U9

“Gas” means we neglect electron-electron interactions.

All these states are filled with electrons.

P(E)

\ 4

energy
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Fermi energy:

1/2 3/2
2 °m

E E
# electrons = _[O "N_dE= _[0 T

E=E

Fermi

AS10U9

All these states are
filled with electrons.
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A310U9

Last modified 3/18/2003

Fermi energy:

E E 21/2 3/2
# electrons = _[O e jo T 7;2;}-::/2 -E'"*dE
21/2 3/2 2
# electrons = I 2;}: — EE b
E=E 4

Fermi

All these states are
filled with electrons.
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A310U9

Last modified 3/18/2003

Fermi energy:

E E 21/2 3/2
# electrons = _[O "N_dE= _[0 T ﬂz;;l/z -E'"*dE
21/2 3/2 2
# electrons = L ZZ; — EE b
E=E 4

Fermi

= F

3Pt (# electronsj2/3
s

2m I

All these states are
filled with electrons.

E=0
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A310U9

Last modified 3/18/2003

Fermi energy:

E E 21/2 3/2
#electrons:“‘ofNEdEz_"OfL3 ﬂzn:/z -E'"*dE
1/2 3/2
#electronszL32 zn;z/z %Ej’/z
E=E T°h R)

Fermi

:>Ef

2m

12373 (# electrons )
- =

All these states are
filled with electrons.

In a typical metal, 1 electron /(0.1 nm)?>.

E=0 E, ~10 eV
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Occupation probability:

P(E)

energy
E=E

" “Fermi

P(E) = probability of occupying a state
with energy E

What about finite temperature?
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Boltzmann:
Recall Boltzmann factor P(¢):

“The probability for a physical system to be in
a state with energy € is proportional to e *"*".”

This 1s actually not quite true. It 1s classical.
A quantum calculation shows for electrons:

1

E-E )/ kT
e FE

P(E) =

Called Fermi-Dirac distribution function.
Boltzman 1s high-energy limit (discuss!)
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Fermi-Dirac:

‘. P(E) =

P(E)

1

e(E—Ef)/kT

energy
E=F

Fermi

P=1/2 at E; for all temperatures. i
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