Lecture 6: Three-level rate equations

» Recall: No two-level laser (discuss)
* Three level laser: Let’s try

(Note: Some audio missing because I went back
in the presentation during the lecture.)
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Three-level rate equations:

R, and R, are the external “pump” rates.

1/t,, 1s spontaneous emission rate 2->0
/1, [1/1, Ag 20 15 5P

R, € 1/T,,1s s Qg )
— 71 pontaneous emission rate 2->1
<1/,
€o l/t, = 1/t,, + l/1,, spont em rate 2->(anything)
“Reservoir”

1/7, 1s spontaneous emission rate 1->0

Goal: Use R, to achieve steady-state population inversion.

Guess:
Want lifetime in state 2 very long,
Want lifetime in state 1 very short.
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Three-level rate

equations:
&
1/7,, \1/121 Ag
R, €
: «1/t,
€0
“Reservoir”
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Three-level rate
equations:

/1y, \1/121 Ag
€1

€
R, 2

“Reservoir”

dN,
dt (A
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Three-level rate

equations:
&
1/7,, \1/121 Ag
R, €
: «1/t,
€0
“Reservoir”

dN 1 1
: :Rz(t)_ — Nz_h;)

J [O-(U)'(Nz_N1)]
! 7,
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Three-level rate

equations:
&
1/7,, \1/121 Ag
R, €
: «1/t,
€0
“Reservoir”

[O-(U)'(Nz_N1)]
(),
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Three-level rate

equations:
&
1/7,, \1/121 Ag
R, €;
: «1/t,
€9
“Reservoir”
dN 1 1 |
- = R (2)+ (_sz +— [O-(U) - (4V, _Nl)]_ [_le
dt T, hv T,
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Three-level rate

equations:
R, & dN, 1 1
5= R(0)=| — [N, == o) (N, = V)]
1/1,, \1/121 Ae | 9 “ v
R, €1 dN, 1 1 1

(———? /1/1:1 ?—Rl(l‘)-l-[z_—ﬂj]vz+ﬁ[o-(v)'(N2_N1)]_(ZJN1
€o
“Reservoir”

Four cases to consider:

1)I=0

2) I finite, T, =0

3) I 1s pulsed.

4) General conditions for steady state.
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Case One: I=0

i dN,
y =R, (1) -

R, €1
< <1/t dN, =R,(t) -
€ dt (2
“Reservoir” Let: R, (1) = Ryu(?) N,(0)=0
|
>
ZN f
A

2(1) I—dt = Ry 7, (1 —e"'" )
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Case One: I=0

I/t [1/T5,

“Reservoir”

]vlet/rl — I+ (%]Rzorz (1 _ e—t/r2 )et/rl

21

Evaluating the integral on the r.h.s. gives...
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Case One: I=0

&
1/, \1/1:21 Ag
R, > €
<1/t
€0 Solution:
“Reservoir”
r /T 1 \
T —t/ vy
N,(t)=| = |R,7,J1+——=2—¢""" — e 'n
T, - 1-7 /7, l-7,/7, )

N,(£) = RyT, (1 - tI—

T, > T, &

A N

needed for population inversion and gain! Z. f Nz1
Example: Nd:YAG 255 microseconds vs. 30 ns | > 1
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Case Two: I 1s finite

&
dN,
1/1,, \1/1:21 Ae — ==K (1) = [ j
R, €,
— ST, because T,=0
dN 1 1
) 0 S+ “[o(v)-(N)]=R,(0)
Reservoir dt 7, v
hv o
/ , = —— “Saturation intensity”
o7,
dN, 1 I 20 R —
+—| 1+ N, =R,(¢) = R,yu(t
- Ti ]j = Ry(1) = Ryu(1) 3
Solve as in case 1:
r y M 4
R T ——(1+1,/1,) o
N,(1)=—22—-J1-¢ " S Zf
1+1,/1 "
. J
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Case One vs. Case Two

R, &
I/t [1/T5,
R, €
c <1/t
€0
“Reservoir”

A€

N,(2) = Ry, (1 —e''® )

r

t
—(\1+7,/1
R20T2 (+v s)

i1—e ™
1+17 /1

Nz(t):

.

N

1. For I, <<, results are the same.

2. For I =1 results are different by exactly a factor of two.

3. For [ >> I, N, is much less than it would be 1f I, =0.
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Case One vs. Case Two

R, &
I/t [1/T5,
R, €
c <1/t
€0
“Reservoir”

A€

N,(2) = Ry, (1 —e''® )

-

t
—(\1+7,/1
R20T2 (+v s)

i1—e ™
1+17 /1

.

Nz(t):

N

1. For I, <<, results are the same.

2. For I =1 results are different by exactly a factor of two.

3. For [ >> I, N, is much less than it would be 1f I, =0.

This gives rise gain saturation in lasers.
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Case Three: I an impulse

Assume T, =0 again. So N, =0.
/7, \1/1:21 Ag

<1/t

€ >

“Reservoir” I,

dN, 1 /

2+ —| 1+ |N, =R, u(t) > t

dt T, I, t—y
From case 1: % (\T—/—

— _t/Tz ” t
Now we have to solve equation on top again, with new iritial condition.

Ryt, |(I1,) o Ry, T 4
N 1) = 2072 1% e [2) +1 N 2072 T' — 2
() 1+1./1, (1] 1+71,/1. 1L/

So increase I decreases N, hence gain.
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Steady state: dN/dt=0

R €,
: ) sz =R2(t)_(i)N2_ !, [O-(U)'(Nz_NJ]
/1, |1/1,, Ae | 9t 2 hv
(131—9 b1 ﬁ:R(r){ijN +i[a(u)-(N —N)]—(iJN
1/, d )0 ho S 2
€9
“Reservoir”
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R, &
1/t [1/74,
R, €
: <1/t
€0
“Reservoir”

, 0=R/(1)+
Two equations, two unknowns. T
Solve for N, N,.

Steady state: dN/dt=0

Ag

Goal: Solve for N, N,:

dN,
dt

0=R2(t)_(ij 2
7,
R AT e TR

dN,
dt

=0=

1;) o) (N, - N,)]

=0=

}fv [O-(U)'(Nz _Nl)]_[ile
(Y

4

R (1)= —( L, Low) IJ@F (“’—(”) ; iTLJﬁ
T, hv = hv T, + —
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Steady state: dN/dt=0

&
1/1:2(/ \1/121 | Ae
R S 1 I ,o(V) [ o(v)
ol g
- 2'1 hv hv
0
“Reservoir” Z' ‘- 7.7, | 1,0(V)
T, hv

Rl(l +IV0'(U)j+ R{ 1 +IV0'(U)j
N = 7, hv T, hv

=
7,7, T, hv
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Steady state: dN/dt=0

R, )
1/1?20 \1/%1 | o R,7, (1 - le - RT,
- i N — N — 2-21

«1/t, 0) |
) 8,(,) 1+ (Tl n Tz _ 2-172 j IVO-(Z))
Reservoir 2'21 e
[=0:
o/ )
gzﬂv N2_N1:R272[1_T_IJ_R171
21
T
/= O'(U)(N2 - Nl) Vo= O-(U)R272(1 ) le - RT,
21
Yo
) =
W=
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Saturation:

ol Yo
g I)=
Sl old) 1+1,/1 I
G=—=>
a_[: Yo ] 1
dz 1+1 /1 "
2 I+l lnG+%(G—1):yolg
L1, 1L o o, / S
[V Case 1: I, <<1{
[21+[U/]S Z=lg
J, [0l = | roz InG =y, = G=e""
ln? 4 2] —}/Ol ) Case2:1,>>1,
! L=1+y,)lI
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Conclusions for today:

2-level system: No population inversion steady state
Now we know that 3-level system can have gain.
Now we know how saturation of gain comes about.

Next week, we’ll consider laser oscillation.
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