Lecture 4: Photons and atoms

Electromagnetic modes 1n a box
Blackbody radiation; photons, Planck law
Photoelectric effect

Energy spectrum of hydrogen

Einstein A/B coefficients

Three-level laser
Reading: Ch. 7 of Verdeyen
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Boundary conditions:

If we implement V.E=0 we find two things:

First:
A E (x,,7,1) = E, cos(k,x) -sin(k, y)-sin(k.z)e""
Y E,(x,7,2,1) = B, sin(k,x) - cos(k, ) -sin(k2)e"”
,)AC /j E.(x,y,z,0) = E;sin(k,x) -sin(k, y) - cos(k,z)e™
L > Second:

Ek +Ek, +Ek =0

2 2
(ﬂj =kj+ky2+kj=(%j (2 412+ n?)

C

n,,n,,n, integers; at least two must be non-zero.

Each combination of n;,n,,n; is a “mode”.
Discuss superposition.

The magnitude of E,, E,, E; still can be any value!
(Subject to constraints above.)
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How much energy 1s in the box?

Instantaneous energy per unit volume:
— 1 - = 2 - — 2
u(r,t)= 5 E| E(r,t) | +u,| H(r,t)
Total energy in box:

U = [[[uCr.t)av

box

It can be shown that for the box:

U —l(n§+ni+nf)(Ef+E22+E32)

total ~—
2

So, the amount of energy in the box can have any value.
We will show that this leads to a problem and must be wrong.
The energy in the box must be quantized: these are photons.
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Concrete example of a mode:
n =lin, =lin, =0=>k, =%,ky =%,kz =0

Ek +Ek +Ek =0=>E =E,=0

E (x,y,z,t)=0
E (x,y,2z,t)=0

S L IS ) B>
E (x,y,z,t)=E,sin| — |-s1n| — |-e
o=l Z) o 2)

U

1

. =%(n§ +n’+n2\E? + E: +E32):%E32

The total energy in this mode can have a continuum of values,
depending only on E;.

The same is true for all other modes.

(Discuss superposition).
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Blackbody radiation

Consider E-M field in thermal equilibrium with
matter at some temperature T.

If one 1s inside a box, do the walls glow?

Yes.
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How 1s energy in the box
related to temperature?

According to the equipartition theorem
from thermodynamics, every mode of the
system has an average energy <U>=(1/2)k,T.

Note: This 1s already a problem. Energy infinite.

What 1s the energy per frequency, then
we will integrate over frequencies?

There are many modes per unit frequency.
Each has energy k,T.
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Modes per frequency

e(w)ydv = %kT -N(v)dv

e g(v)dv 1s the energy between v and v+dv.
e (This is the spectrum of the blackbody radiation.)

e N(v)dv is the number of modes between v and v+dv.

ECE 275C © P.J. Burke, Winter 2003 H Last modified 1/2/2003 1:58 AM M Lecture 4, Slide # 7




Modes per frequency N(v)dVv

NWw)dv = % (8L
C

ewydv=kT'-N(v)dv

:>5(v)dv—8—7z kT -v>-L
C

Rayleigh-Jeans law.
Experiments confirm at low frequencies only.

= j;s(v)dv = oo
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Equipartition:
Recall Boltzmann factor P(¢):

“The probability for a physical system to be in
a state with energy € is proportional to e " .”

(This 1s fundamentally linked to the concept of temperature.
Take it as an absolute truth for the whole class.)
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Equipartition:
Recall Boltzmann factor P(¢):

“The probability for a physical system to be in
a state with energy € is proportional to e " .”

In order to get p(€) to be between 0, 1 we need
to normalize it: > p(g) =1
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Boltzmann distribution:

Recall Boltzmann factor P(¢):

“The probability for a physical system to be in
a state with energy € is proportional to e " .”

In order to get p(€) to be between 0, 1 we need
to normalize it: > p(g) =1

p(€)= ze—g/kBT

I
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Boltzmann:

Zg.e_gi/kBT —E/kBT
il p(e) =<
<E>= Zi:gl. p(€) = ’Ze_gi o S e

I

I

Equipartition theorem:

<5>:lkT
2

Based on classical statistical mechanics. (I did not prove.)

Consider the example mode:

1
nx — lﬂny — l,nZ - 0 Utotal :5E32
_1 kg
IlEf-e 2 T-dE3 i
<g>="2 1 =—kT
—E3* kT 2
Iez -dE,
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Planck:

U lEg

total —
2

“What 1f....”

U —lEf =nhv

total ~—

n an integer, h “Planck’s constant”
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Planck:

U lEg

total —
2

“What 1f....”
1

\ Utoml — 5E32 = nhV/
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Planck:

Zgie—gi/kBT inh V- e_”hV/kBT
<E>= Zé‘ip(é‘l.) = —&; kT =25 oo
i Ze Ze—nhv/kBT
i

n=0

In HW#2, you will prove:

hv
<E>= hv/kgT

e —1
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Planck at low frequency:

hv
<E>= hv/kgT
e —1
hv <<k,T:
hv/k,T <<1
e’ =l+xforx<<l
< E>= hv/},;:) = ho =k,T
e —1 l-l-hV/kBT—l
Equipartition
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Planck at high frequency:

hv
<E>= hv/kgT

e —1
hv>>k,T :
hv hv

< E>= hv/kgT = TThvikgT

e -1 e

Not Equipartition!
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Planck:

The “Whatif...” |  _1p
1s right!!! 2
@#$%"&*() @ | “What 1f....”

1

\ Utoz‘al — 5E32 = I’th/

o 2 :
< E>= '[ = lkT
2E32/kBT P
/ hv \

<€ >= hv/kgT
e —1
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Modes per frequency

c)dv =—"Y Nw)dv

e —1

NW)dv = %(872’)V2L3d V
C

ewydv=—1C L gpywiray
C

e -1

Note: my €(v)/L? is Verdeyen’s p(Vv).
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Planck spectrum:

e(V)

k,T/h

\Y

You will calculate max. freq. in HW#2. Hint: it is in the infrared.
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Intensity:

I(V)Ydv=(c/4)-eW)dv/L = hf;f) 27

e -1 c

vidv

=emitted power per unit area
in the frequency between v
and v+dv
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Conclusions:

We have “discovered” photons.

However, blacksmiths have known
that hot metal glows red for hundreds of years.

The arguments are for a “box” but the energy
comes 1n quanta (photons) for any a.c. E-M field.

Note the length of the box did not really matter.
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Photoelectric effect

‘I Einstein’s explanation:
 Electrons bound to metal by work function W

Vacuum tube » If one photon is absorbed, energy of electron
A B after being liberated 1s hv—W=h(v-v )
| | * ¢V, 1s the “stopping potential = h(v-v,)
|\ | » Slope of V,, vs v is h/e

Current is carried by \JV hght

electrons that are liberated
from electrode A by the

UV light I(current) V,

A A

(higher intensity)

-

>V >V
V, Ve
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“Photons”

» Maxwell’s equations are still valid.

 However, the energy of any E/M wave 1s quantized:

c=nhv

ECE 275C © P.J. Burke, Winter 2003 H Last modified 1/2/2003 1:58 AM M Lecture 4, Slide # 24




Energy spectrum of hydrogen: Emission

e ]
—

Atoms excited by electrical discharge.
Lines are seen at well defined wavelengths.

For example:
l = R(l — %) n=3,456.. R=10"m’
A 4 n (Rydberg)

Others are seen: | ( 1 1 j
=Rl —— n>m

I

| — —

<Hydrogen gas < >

ﬂ, 2 2

m- n
m=1 Lyman series; m=2 Balmer series, etc.
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Energy spectrum of hydrogen: Absorption

Certain wavelengths are strongly absorbed. These are the Lyman series
and at elevated temperatures the Balmer series.

What does it mean? ~ FOT phOtOIlS, e=nhv

Hydrogen energy levels are quantized.

1 1

Agn,m = hcR > 7 75 | = €final ~ Einitial

m n
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Energy spectrum of hydrogen:

W n=inf.

I
— n=2
Balmer 1
g, =-13.6eV-—
n
Lyman
n=1
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Energy spectrum of all atoms:

Similar to Hydrogen, but electron-electron

%//////% n=inf interactions make them different.

n=3

Pauli exclusion principle:
No two electrons can occupy the same
quantum state at the same time.

n=2

But the n=1 energy level has more than
one quantum state.
Ist 1s]

n=1 n=2 has more states:
2s1 2s] 2p T(m=1) 2p 1(m=0) 2p T(m=-1)
2p |(m=1)2p |(m=0)2p |(m=-1)
And so on...
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Energy spectrum of all atoms:

n=3
O O O O O O S, O n=2
2st 2s| 2pTm=1) 2ptm=0) 2pTam=1) 2plm=1) 2plm=0) 2p [m=1)
Hydrogen
lgT }DSJ« n=1
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Energy spectrum of all atoms:

n=3
O o o o o o O o n=2
2s7 2s| 2ptm=1) 2pTm=0) 2pT@m=1) 2pl(m=1) 2plm=0) 2p |@m=1)
Helium
lgT I.SJ, n=1
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Energy spectrum of all atoms:

n=3
@ O O O O O S, O n=2
2st 2s| 2pTm=1) 2ptm=0) 2pTam=1) 2plm=1) 2plm=0) 2p [m=1)
Lithium
lgT I.SJ, n=1

ECE 275C © P.J. Burke, Winter 2003 H Last modified 1/2/2003 1:58 AM M Lecture 4, Slide # 31




Energy spectrum of all atoms:

n=3

@ @ o o o o S o n=2

2s7 2s| 2ptm=1) 2pTm=0) 2pT@m=1) 2pl(m=1) 2plm=0) 2p |@m=1)

Berylium

lgT l.s ! n=1
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Energy spectrum of all atoms:

n=3

@ @ @ O O O S, O n=2
2st 2s| 2pTm=1) 2ptm=0) 2pTam=1) 2plm=1) 2plm=0) 2p [m=1)
Boron
lgT I.SJ, n=1
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Energy spectrum of all atoms:

n=3

@ @ @ @ o o O o n=2
2s7 2s| 2ptm=1) 2pTm=0) 2pT@m=1) 2pl(m=1) 2plm=0) 2p |@m=1)
Carbon
lgT I.SJ, n=1
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Energy spectrum of all atoms:

n=3
@ @ @ @ @ o O o n=2
2s7 2s| 2ptm=1) 2pTm=0) 2pT@m=1) 2pl(m=1) 2plm=0) 2p |@m=1)
Nitrogen
lgT l.s ! n=1
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Energy spectrum of all atoms:

n=3

@ @ @ @ @ @ O o n=2
2s7 2s| 2ptm=1) 2pTm=0) 2pT@m=1) 2pl(m=1) 2plm=0) 2p |@m=1)
Oxygen
lgT l.s ! n=1
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Energy spectrum of all atoms:

n=3
@ @ @ @ @ @ @ o n=2
2s7 2s| 2ptm=1) 2pTm=0) 2pT@m=1) 2pl(m=1) 2plm=0) 2p |@m=1)
Flourine
lgT l.s ! n=1
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Energy spectrum of all atoms:

n=3

@ @ @ @ @ @ @ @ n=2
2s7 2s| 2ptm=1) 2pTm=0) 2pT@m=1) 2pl(m=1) 2plm=0) 2p |@m=1)
Neon
lgT l.s ! n=1

ECE 275C © P.J. Burke, Winter 2003 H Last modified 1/2/2003 1:58 AM M Lecture 4, Slide # 38




Energy spectrum of all atoms:

...~ é ééw i

n=3

@ @ @ @ @ @ @ @ n=2
2s7 2s| 2ptm=1) 2pTm=0) 2pT@m=1) 2pl(m=1) 2plm=0) 2p |@m=1)
And so on for all the elements...

lgT I.S‘L n=1

Important: In reality, all the n=2 states do not have the same energy!
Also, there are selection rules: only transitions between certain

classes of states are allowed.

In a course on atomic physics, you would calculate and learn all the level
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Einstein A/B coetffecients

Two-level atom (“two-level-onium™)
Equilibrium occupation at temperature T
Spontanecous emission rate

Stimulated emission rate

Absorption rate

Relationship between all three rates
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Two-level atom (“two-level-onium”™)

A€

Consider an ensemble of them.

Let N, be the # of atoms 1n state 1.

Let N, be the # of atoms 1n state 2.

Recall Boltzmann factor:
“The probability for a physical system to be in
a state with energy € is proportional to e " .”

~Ag/kyT
= N,/N,=e "
In thermal equilibrium, always more in state 1 than state 2.

This will mean later that we can’t make a laser from a system
in thermal equilibrium. Need a pump.

—Ae/kgT
N, e "N, 1

N,+N, =Ny |=

tal o ~Ae/kyT 2 o ~Ae/kyT
NTotal 1+€ NTotal 1+€
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Spontaneous emission:

Before:

Elegtron £, dN o _ A N2
Ae d [

€1
A 1s the decay rate.

After:

€

Photon
Electron ¢ _/\/\/\'

1

-
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Absorption:

Before:

Z: dN,
A€ d f

Photon

= B,N,0(V)

Electron g,
@

B,, 1s a constant.
After: 12

Electron &2
@

(V) 1s the E-M
energy density.
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Stimulated emission:

Before:
Photon Electron €, d N
E=hv ® = 2 _
A =—B,N,p(v)
_/\/\/\? € dt
€
B, 1s a constant.
After: o(v) is the E-M
First photon “stimulates” nsi
emission of second photon Cnergy dens ty‘
© Photon
Electron £, Photon

5 AN
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Add ‘em up:

dN,
dt

= B,N,p(v)= B, N,0(v)— AN, =

dN,

dt
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dN,

dt

Add ‘em up:

= B,N,p(v)= B, N,0(v)— AN, =

dN,

dt

In thermal equilibrium, the average number N, and N, stay the same.

N,

A& /kyT
e N,

1

N Total

-AelkpT 2
1 te NTotal

l+e

—AelkgT
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Add ‘em up:

dN dN
dt2 =B,N,p(V)— B, N,o(V)— AN, = dtl

In thermal equilibrium, the average number N, and N, stay the same.
N2 e—A€/ kgT . N1 1

o ~Ae/kyT 2 o ~AelkyT
NTotal 1+€ NTotal 1+€

In thermal equilibrium, we know p(v) in a box!
hv 1

,O(V)dV = ikl B (872')V2dl/
C

e —
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Add ‘em up:

dN dN
dt2 =B,N,p(V)— B, N,o(V)— AN, = dtl

In thermal equilibrium, the average number N, and N, stay the same.
N2 e—A€/ kgT . Nl 1

o ~Ae/kyT 2 o ~AelkyT
NTotal 1+€ NTotal 1+e

In thermal equilibrium, we know p(v) in a box!

p)dv =2l L gmwav
e -1 ¢
Einstein showed that this can only be true if:
3
87Thv
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Can we get gain?

I [+Al

&
<

[
»

Az

Al 1s due to spontaneous emission, stimulated emission, and absorption.

1
AIstim.em hU BZIN (V) AZ A[a - _hU BIZN ](V) AZ
ol | hv
aZ {7'B21(Nz _N1)}I(V)
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Can we get gain?

I [+Al
_> two-level-onium —
< AZ >
ol | hv
g = |:7'B21(N2 — N1)}](V)

Need N,>N, for gain

If we put all atoms into excited state and pass the wave through a few times,
they will eventually all end up half excited and half ground, and we will no
longer have gain. (This can be shown rigorously.)

What is needed is a third level.
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Three-level-onium:

Step one:
Photon Elegtron e,
% Ag
€
€
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Three-level-onium:

Step one:
_/P{l;t{n/u Eleitron e,
€
€

A€

Photon

step two— V V'

Photon
ZauAVAVAS"

A€

Electron e
@

1
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Three-level-onium:

Photon
Step one: Step two:_/V\/\‘V
Photon
A€ A€
g, Electron e,
@
Step three:
&
A€
€
Electron !
@

€0
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Three-level-onium:

Photon
Step one: Step two:_/\/\/\"
Photon
A€ A€
€, Electron 3
@
€0 £,
Step three: Step four:
e Photon Electron £,
2 _/\/\/\_} - 2
Ag Ag
€ €y
Electron
° € Then back to
€0 0
step one
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Three-level-onium:

Photon
Step one: Step two:_/\/\/\"
Photon
A€ A€
€, Electron 3
@
€0 £,
Step three: Step four:
Pump
e Photon Electron £,
2 _/\/\/\_} - 2
Ag Ae
€ €y
Electron
° € Then back to
€0 0
step one
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